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Specular Polynomials



Root-solving with global convergence

(QR/QZ, root isolation)



Solve 

The roots of determines the monotonic pieces of 

Recursion + bisection on each piece





• Local sampling failed to reach a (near-)point emitter

• Specialized methods connect endpoints with specular vertices

• How to connect?

direct connection
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• Specular chains satisfy the reflection/Snell’s law

• Finding specular chains connecting two endpoints requires solving the 
equations

• vertices

• variables (parameterized via barycentric coordinates)

• independent equations



• Solve the constraint equation via Newton’s method 
• with meticulously chosen seeds

• Suffers from unbounded convergence
• extremely high variance (fireflies) or bias (energy loss)

MEMLT MNEE, Path Cuts SMS MPG
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Manifold

Fan et al. 2023Zeltner et al. 2020Hanika et al. 2015; Wang et al. 2020Jakob et al. 2012



• A polynomial formulation of specular constraints

• derived by combining vertex constraint polynomials and 

• rational coordinate mappings between barycentric coordinates

• A specular path solver using hidden variable resultant method

• combined with direct or eigenvalue solvers

• which is deterministic and free from multivariate Newton iterations

• Applications to glints and caustics rendering

• which achieves fast and noise-free rendering of specular light transport effects



Reflection/Snell’s laws              Multivariate Polynomials







Square roots in denominators!



• Projecting onto an arbitrary basis 

• Multiplying the common denominator



• Exploit the symmetry property

• Reflection only!



• Directly solving these multivariate formulations with many variables is not 
recommended

• In mathematics, the most reliable solvers for polynomial systems are 
designed for two variables



2k variables               2 variables



• Represent with 

• Why rational?

• To make the final equations polynomial





• Accurate



• Approximating in with precision 



• Approximating in 

Why not polynomial?  
ᇱ
௫ୀ





2 variables               1 variable   



• The necessary condition of 
• the existence of common roots of
• two (or more) polynomials

• Sylvester resultant

• Order: 

y is hidden:   ଵ ଵ



• Order: 









Please refer to the paper



Fan et al. 2023Hachisuka et al. 2009



Mueller et al. 2017





• Reformulate the problem into univariate polynomial root-finding
• Good performance for single scattering

Future works (mostly for 2+ bounces)
• Reducing the degree of polynomials
• Numerical accuracy of solvers
• Reducing superfluous solutions
• Surface representations
• Accurate multiple refractions
• Glossy materials

variable variable
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