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Why Polynomials?

p(x) = ag + ayx + azx® + -+ ax"
Root-solving with global convergence
(QR/QZ, root isolation)



Why Polynomials?
Solve p(x) = ap + a;x + a,x? + -+ a,x" =0
p'(x) = a, + 2a,x + -+ na,x" 1!
The roots of p’ determines the monotonic pieces of p

Recursion + bisection on each piece



Specular Polynomials
A New Solver for Specular Paths



Specular path sampling

* Local sampling failed to reach a (near-)point emitter
* Specialized methods connect endpoints with
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Specular constraints

* Specular chains satisfy the reflection/Snell’s law

* Finding specular chains connecting two endpoints requires solving the
equations

* k vertices
2k variables (parameterized via barycentric coordinates)

* 2k independent equations



Prior works

* Solve the constraint equation via Newton’s method
* with meticulously chosen seeds

* Suffers from unbounded convergence
* extremely high variance (fireflies) or bias (energy loss)

@ Old admissible sub-path @ Seed sub-path —» Solver Reconstruct —» Sample
@ New admissible sub-path Configuration O _ Mutate

_— Manifold _— /2

MEMLT MNEE, Path Cuts SMS o MPG

Jakob et al. 2012 Hanika et al. 2015; Wang et al. 2020 Zeltner et al. 2020 Fan et al. 2023



Our contributions

* A polynomial formulation of specular constraints

* A specular path solver using hidden variable resultant method

* Applications to glints and caustics rendering



Laws > MVP

Reflection/Snell’s laws Multivariate Polynomials



Problem setup

u; = (1—u; —vj,uj,0;) "

xi = (1—u; —v;)pio+uipi1 +vipi2 = Piu;.
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Symbol

Description

X0> Xfe+1
Xj

P;
€i1,€;2
n;

nj

N;

h;

ti1, ti2
d;

d;

uj

Position of non-specular separators

Position of specular vertices

Position matrix (i, Pi1, Piz)

Vector of triangle edges

Un-normalized linearly interpolated normal of x;
Normal vector of x;

Normal matrix (n;o, ni1,n;2)

Generalized half-vector of x;

Tangent vectors of x;, computing from n; and e; ; /2
Position difference of vertices x;4+1 and x;
Direction from x; to xj41

Barycentric coordinate of x;
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Description

Coplanarity constraint
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Position of non-specular separators

Position of specular vertices

Position matrix (pio, pi 1. Pi.2)

Vector of triangle edges

Un-normalized linearly interpolated normal of x;
Normal vector of x;

Normal matrix (n;o,n;1,n;z2)

Generalized half-vector of x;

Tangent vectors of x;, computing from n; and e; ; /2
Position difference of vertices x;4+1 and x;

Direction from x; to xj4q
Barycentric coordinate of x;

(di-1 Xdj) -n; =0.

(di—1 X (xi+1 — Xi-1)) - n;

= 0.




Angularity constraint

ni—1|ldi—1 X njl|

4

Ni—1di—1 X n;

d;

= Xij+1 — X

Symbol

Description

X0> Xfe+1
Xi
P;
€i1,€i?2
n;
nj
N;
h;
ti1.ti2
d;

Position of non-specular separators

Position of specular vertices

Position matrix (pio, pi 1. Pi.2)

Vector of triangle edges

Un-normalized linearly interpolated normal of x;
Normal vector of x;

Normal matrix (n;o, ni1,n;2)

Generalized half-vector of x;

Tangent vectors of x;, computing from n; and e; ; /2
Position difference of vertices x;4+1 and x;
Direction from x; to xj41

Barycentric coordinate of x;
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nkl
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X

Square roots in denominators!



Symbol Description

X0, X4, Position of non-specular separators

A n g u I ar i ty + S q uare fo Fm xi Position of specular vertices

P; Position matrix (pio, pi 1. Pi.2)
ei1,ei2  Vector of triangle edges
. . . . n; Un-normalized linearly interpolated normal of x;

* Projecting onto an arbitrary basis b i Normal vector of x
Nj Normal matrix (n;o,n;1,n;z2)

° M | . l . h d . h; Generalized half-vector of x;

ultiplying the common denominator i Temgeutvedions ol computingibor iy and ey

d; Position difference of vertices x;4+1 and x;
d; Direction from x; to xj4q
u; Barycentric coordinate of x;

ni—1idi—1 X n; = nid; %
! 3

’7?—1‘11'2 ((di—1 x n;) - b)* = ' _, ((di x ny) - b)? .

N.




Angularity: product form

* Exploit the symmetry property

* Reflection only!

di—l ‘N ‘n

Tl
Ty

~d

di - ti =dj_1-t.

Description

€1,€2
n;
nj
N;
h;
ti, ti2

Position of non-specular separators

Position of specular vertices

Position matrix (pio, pi 1. Pi.2)

Vector of triangle edges

Un-normalized linearly interpolated normal of x;
Normal vector of x;

Normal matrix (n;o,n;1,n;z2)

Generalized half-vector of x;

Tangent vectors of x;, computing from n; and e; ; /2
Position difference of vertices x;4+1 and x;
Direction from x; to xj4q

Barycentric coordinate of x;

(di—1-ni)(d; - t;) + (di-1 - t;)(d; - n;) = 0.




Milestone: Multivariate Specular Polynomials

Constraints | Formulation I Degree | Formulation II Degree
Equation I/F | Equation I/F

Coplanarity | Consecutive difference form 3/2 | Endpoint difference form 2/1
(di-1 xdj) -n;=0 (di—1 X (xj41 — xi-1)) -n; =0

Angularity Square form (for reflection/refraction) 6/4 | Product form (for reflection) 4/2

ne_ d? ((di-1 xn;) -b)* —nid? | ((di xn;) -b)* =0

i—171

(di-1-nj)(d; - t;) + (di-1 - t;)(d; -n;) =0

* Directly solving these multivariate formulations with many variables is not

recommended

* In mathematics, the most reliable solvers for polynomial systems are

designed for two variables



MVP — BVP

2k variables 2 variables



Variable reduction

* Represent u; with u,
* Why rational?

* To make the final equations polynomial

Symbol

Description

X0> Xfe+1
Xi

P;
€1,€2
n;

nj

N;

h;

ti1, ti2

Position of non-specular separators

Position of specular vertices

Position matrix (i, Pi1, Piz)

Vector of triangle edges

Un-normalized linearly interpolated normal of x;
Normal vector of x;

Normal matrix (n;o, ni1,n;2)

Generalized half-vector of x;

Tangent vectors of x;, computing from n; and e; ; /2
Position difference of vertices x;4+1 and x;
Direction from x; to xj41

Barycentric coordinate of x;
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Symbol Description

X0, X4, Position of non-specular separators

Ray_triangle i nte rseCtion Xi Position of specular vertices

P; Position matrix ( pio, pi 1. Pi.2)

ei1,eij2  Vector of triangle edges

n; Un-normalized linearly interpolated normal of x;
nj Normal vector of x;

N; Normal matrix (n;o, ni1,n;2)

(al'f‘l (ul, ul_l )’ 61"’1 (ul, ul—l))T hi Generalized half-vector of x;

ti1, ti2 Tangent vectors of x;, computing from n; and €i1/2

uiv1(uj, uj—1) =

’ d; Position difference of vertices xj4+1 and x;
Kl-l—]_ (ul, ui— 1 ) d; Direction from x; to xj4q
u; Barycentric coordinate of x;

uiy1 (uj, ui—1) = (di X ej+1.2) - (xi — Pi+1,0),

Oi+1 (ui, ui—1) = ((xi — pi+1,0) X €i+1,1) - di,

Kiv1(uj, ui—1) = (di X ej+1,2) - €ir1,1. Moller—=Trumbore



Reflection

e Accurate

d; = -2(di_1 - Ay)h; +di_
through multiplying d; by n?, /dl.z_lz

d; = —2(d;—1 - nj)n; + d;_1n°

I



Refraction

di = ni(di—1 — (di—1 - ~y)i;) — \/1 —n/2(1 - (di—1 - 7y)?)h;

d; = n/(di—1n® — (di—1 - nj)n;) — \/pin;,

i =nid;_; —n;° ("?d?-l ~ (di-1 'ni)z)

e Approximating v/x in [0,1] with precision 1073



° 16—4
Refraction (cont’d) = °
0.75 e A
. . . ) " -
* Approximating v/x in |0,1 2 050, P g0
PP g 10,1] 5050) B
l”d — 1 _4_
] ] 025 / Rational
Co,i T C1,iX | / VT
,1=0,1,2...,5. a0 | ‘ . | 81 | | | |
dO,i + dl,ix 0.00 025 050 075 1.00 0.00 025 050 075 1.00
T Y
!/
Why not polynomial? (vx) |z =
Index | Left endpoint Right endpoint | ¢ ; C1,i do.i dyi Max error
0 0.000 0.005 1.06939 X 1071 1.24883 x 10°  6.44864 7.79412 X 102 0.0005
1 0.005 0.020 1.05021 X 1071 3.12337 x 101 3.20289 9.78683 x 10! 0.0005
2 0.020 0.080 1.30984 x 10~1  9.75997 2.00015 1.52961 x 10! 0.0009
3 0.080 0.200 3.76068 X 1071  8.89489 3.19627 8.11322 0.0005
4 0.200 0.500 4.56906 x 10”1 4.32322 2.45619 2.49402 0.0007
5 0.500 1.000 9.38873 x 107!  4.10143 3.41291 1.62996 0.0006




Milestone 2: Bivariate Specular Polynomials

Type Equation #Var. Degree
Rk Egs. (6), (13) 2k 2,4
Multivar. | TX Egs. (6), (10) 2k 2,6
(R|T)k Eq. (3) 3k + 1 2
R Egs. (6), (13) 2 2,4
T Egs. (6), (10) 2 2,6
Bivar. RR Eqs. (6), (13), (14) 2 10, 16
RT,TR Egs. (6), (10), (14) 2 10, 24
TT Egs. (6), (13), (14) 2 18, 48




BVP - UVP
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y is hidden: ay = ay(y),a; = a;(y)
Resultant
f(z) =apz" + a1z ' +... +a,

* The necessary condition of
* the existence of common roots of

g(z) =box™ 4+ brz™ 4... 4by,

* two (or more) polynomials ag a1 Qs o+ e ap 0
0 a a1 .o .o An_1 Qs
* Sylvester resultant 0 0 a Qn_2 Qp_1

e Order:n+m

by b1 b bin
0 b() b1 bm— 1 bm




Bézout resultant ( L l.
a(ui,01) = Z ai(ol)ul =0,

e Order: n i=0

F(Ul) — detR(Ul) b(ui,v1) = Zobi(ol)ui = 0.

min(i,n—1-—j)

Z (ai-k(vl)bj+1+k(01) - bi—k(z’l)aﬁ“k(vl))

k=0



A running example

(a(uq,01) = u:l)’ + Z)?

\b(uy,01) = uf + Ul

Its resultant matrix is

:13+201
R(Ul) — ? 1
2 —vf

and the corresponding resultant is

r(v1) =detR(vq) = 20? — 20? — 5011 + 60% + 100%

+ui01—1=0,

2 =0.

3
ot
1+Z)1+2
0

— 801 — 7.

(1)

(2)

(3)



A running example (cont’d)

100+




Milestone 3: Univariate Specular Polynomials

a(uy,v,) =0 Elimination Phase

b(u,v,) =0 ™= r(v)=detR(vy) =0

Phase

U
/l\\\\ xk+1 h vl — e
X Path Phase

Coefficient {




UVP — Roots

Please refer to the paper



Equal-time comparison

Hachisuka et al. 2009 Fan et al. 2023
SPPM




PT PPG SMS MPG Ours Reference

ret al. 2017

103, 0.3026 SPP, MSE

’




Newton (Path Cuts) Difference Newton Reference

Newton (Path Cuts)

o

14, 0.003




COI’ICIUSiOI’] 2k variable — 1 variable

* Reformulate the problem into univariate polynomial root-finding
* Good performance for single scattering

Future works (mostly for 2+ bounces)
* Reducing the degree of polynomials

* Numerical accuracy of solvers

* Reducing superfluous solutions

* Surface representations

* Accurate multiple refractions

* Glossy materials



Why polynomials?

Global convergence
Elimination to 1D
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