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1 CONSISTENCY
According to Marin et al. [2019], the reweighting could produce
asymptotically unbiased estimations as the number of iterations ap-
proaches infinity, under the following conditions:

• Sample allocation: The number of samples per iteration in-
creases rapidly enough so that

∑∞
𝑖=1

1
𝑛𝑖

< ∞. This condition
is satisfied when using an exponentially growing number of
samples, i.e., 𝑛𝑖 = 2𝑖−1.

• Distribution optimality: The parameter 𝜃∗ of the optimal
proposal distribution 𝑝∗ (𝒙) = 𝑝 (𝒙 ;𝜃∗) can be expressed as
an integral of the product of the unnormalized target distri-
bution 𝑞(𝒙) = | |𝑓 (𝒙) | | and a known function ℎ(𝒙), i.e.,

𝜃∗ =
∫
P
𝑞(𝒙)ℎ(𝒙)d𝒙 . (1)

• Distribution continuity: For all 𝒙 , 𝑝 (𝒙 ;𝜃 ) is continuous
to 𝜃 and lower semicontinuous1 to (𝒙, 𝜃 ). Furthermore, the
above ℎ should satisfy∫

P

𝑓 2 (𝒙)
𝑞2 (𝒙)

ℎ2 (𝒙)
𝑝 (𝒙 ;𝜃 ) d𝒙 < ∞ (2)

∗Corresponding author.
1Mathematically, a function 𝑓 : 𝑋 → R is lower semicontinuous if for every 𝑥0 ∈ 𝑋
and 𝑦 < 𝑓 (𝑥0 ) , there exists a neighborhood𝑈 of 𝑥0 , 𝑓 (𝑥 ) > 𝑦 for all 𝑥 ∈ 𝑈 .
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for all 𝜃 and depends continuously on 𝜃 .
For example, the quadtreemodel in PPG [Müller et al. 2017] satisfies
the above conditions2.

2 ADDITIONAL RESULTS
We provide full-size images of certain experiments in Figs. 1 and
2. Note that the computational overhead is more severe for high
sample rates, so the improvement is minimal in equal-time setting.
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2As the number of samples tends to infinity, so does the number of samples gathered
within each directional quad-tree, yielding a converged structure of each quad-tree.
Hence, 𝜃 consists of the irradiance values in each node of quadtrees. Since the value
of a quadtree node is also an integral in path space with bounded direction on a specific
vertex,ℎ is a known function in that region. For distribution continuity, since defensive
sampling is always used in path guiding, 1/𝑝 (𝒙 ;𝜃 ) is finite for all 𝜃 . 𝑓 (𝒙 ) andℎ2 (𝒙 )
is also finite. Consequently, the above integral is finite. The continuity is also evident
since 𝑝 (𝒙 ;𝜃 ) is continuous to 𝜃 and 𝑝 (𝒙 ;𝜃 ) > 0.
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Inverse Var
RelMSE=49.133  SMAPE=1.441

Ours
RelMSE=11.837  SMAPE=1.195

Ours (Unbiased)
RelMSE=14.234  SMAPE=1.363

Inverse Var
RelMSE=5.924  SMAPE=0.560

Ours
RelMSE=1.346  SMAPE=0.439

Ours (Unbiased)
RelMSE=1.172  SMAPE=0.451

Fig. 1. Validation of the benefit of reweighting through a decorrelated (unbiased) variant at equal sample rates (20 spp and 64 spp, respectively).

Inverse Var (256 spp, 72 sec)
RelMSE=0.478  SMAPE=0.271

Ours (256 spp, 94 sec)
RelMSE=0.196  SMAPE=0.219

Ours (160 spp, 72 sec)
RelMSE=0.199  SMAPE=0.264

Inverse Var (256 spp, 112 sec)
RelMSE=0.495  SMAPE=0.367

Ours (256 spp, 166 sec)
RelMSE=0.286  SMAPE=0.309

Ours (168 spp, 112 sec)
RelMSE=0.314  SMAPE=0.358

Fig. 2. At high sample rates, the computational overhead becomes more severe, so the variance reduction is not visible in equal time comparisons.
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